We investigate the wave dynamics of a charged massive scalar field propagating in a maximally rotating (extremal) linear dilaton black hole geometry. We prove the existence of a discrete and infinite family of resonances describing non-decaying stationary scalar configurations (clouds) enclosing these rapidly rotating black holes. The results obtained signal the potential stationary scalar field distributions (dark matter) around the extremal linear dilaton black holes. In particular, we analytically compute the effective heights of those clouds above the center of the black hole.
equation [70] [71] [72] in the MRLDBH geometry. Thus, we investigate wave dynamics in that geometry and seek for the existence of possible resonances describing the stationary charged and massive scalar field configurations surrounding the MRLDBH. This paper is organized as follows. In Sec. II, we review the rotating linear dilaton BHs with their characteristic properties and study the charged scalar field perturbation in this geometry. In Sec. III, we explore the existence of a discrete family of resonances describing stationary scalar configurations surrounding MRLDBH, and in sequel we compute the effective heights of those scalar configurations above the central MRLDBH. Finally, we provide conclusions in Sec. IV. We use the natural units with c = G = k B = = 1.
II. ROTATING LINEAR DILATON BH SPACETIME AND SEPARATION OF KGF EQUATION
In this section, we consider a charged massive scalar field coupled to a rotating linear dilaton BH. For a comprehensive analytical study, the rotating linear dilaton BH is assumed to be extremal, which requires the equality of mass term (M ) with the rotation term (a). Namely, we focus on the case of a charged massive test scalar field in the geometry of MRLDBH spacetime.
The action of the Einstein-Maxwell-dilaton-axion theory is given by [58] 
where R is the Ricci scalar, F µν denotes the Maxwell tensor (antisymmetric rank-2 tensor field), and F µν represents the dual of F µν . Besides, φ and ℵ are the dilaton field and the axion field (pseudoscalar), respectively. The metric solution to action (1) is designated with the rotating linear dilaton BH [56] , which is described in the Boyer-Lindquist coordinates as follows:
The metric functions are given by
where the constant parameter r 0 is directly proportional to the background electric charge Q: r 0 = √ 2Q. In Eq. (4), Z = (r − r 2 ) (r − r 1 ), where, r 1 and r 2 are the two positive roots of the condition of f (r) = 0. In fact, r 1 and r 2 radii represent the inner and outer horizons, respectively. The explicit forms of those radii are given by
In fact, M is an integration constant in deriving the rotating linear dilaton BH solution. It is twice the quasilocal mass M QL [73] of this non-asymptotically flat BH: M = 2M QL . The rotation parameter a is related with the angular momentum (J) of the rotating linear dilaton BH via a = √ 2J
Q . Meanwhile, it is obvious from Eqs. (5) and (6) that having a BH solution, one should impose the condition of M ≥ a. Thus, MRLDBH geometry corresponds to a = M .
The dilaton and axion fields are governed by [56] 
Moreover, the electromagnetic 4-vector potential is given by
The Hawking temperature [74, 75] of the rotating linear dilaton BH can be obtained from the definition of surface gravity κ, as follows:
As can be seen from Eq. (10), in the case of maximal rotation (M = a → r 1 = 0: the extreme case), the rotating linear dilaton BH emits radiation with a constant temperature (since Q possesses a fixed value), which is independent from the mass: T H = 4 √ 2πQ −1 . Such a radiation is nothing but the well-known isothermal process in the subject of the thermodynamics. If A H stands for the surface area of the event horizon of the rotating linear dilaton BH, then the entropy of this BH is given by
Angular velocity of the rotating linear dilaton BH is expressed as
Thus, the first law of thermodynamics of the rotating linear dilaton BH is evincible through the following differential equation
It is worth noting that Eq. (13) does not involve the electrostatic potential Φ e [76] since Q represents the fixed background charge [56] . The dynamics of a charged massive scalar field Ψ in the rotating linear dilaton BH spacetime is governed by the KGF equation (see for example, [77] ):
where q and µ are the charge and mass of the scalar particle, respectively. We assume the ansatz for Ψ, as follows:
where ω is the conserved frequency of the mode, and l and m are the spheroidal and azimuthal harmonic indices, respectively, with −l ≤ m ≤ l. In Eq. (15), R lm and S lm are the functions of radial and angular equations of the confluent Heun differential equation with the separation constant λ lm [78] [79] [80] .
For the MRLDBH spacetime (M = a), the angular part of Eq. (14) obeys the following differential equation of spheroidal harmonics S lm (θ) [81] [82] [83] :
where q = √ 2q. The above differential equation has two poles at θ = 0 and θ = π. For a physical solution, S lm functions are required to be regular at those poles. This remark enables us to obtain a discrete set of eigenvalues λ lm .
In Eq. (16), 1 2 M 2 q 2 cos 2 θ can be treated as a perturbation term on the generalized Legendre equation [81] . Thus, we obtain the following perturbation expansion:
It is worth noting that in Ref. [81] , the expansion coefficients in the summation symbol of Eq. (17), {c k (l, m)} , are explicitly given.
The radial equation of the KGF equation (14) in the MRLDBH geometry acts as a Teukolsky equation [82, 83] :
where
and
For the MRLDBH, the event horizon is located at r EH = M, which is the degenerate zero of Eq. (19) . In general (for asymptotically flat BHs), the bound nature of the scalar clouds obey the following boundary conditions: purely ingoing waves at the event horizon and decaying waves at spatial infinity [84] [85] [86] [87] [88] . However, when we study the limiting behaviors of the radial equation (18), we get
where Ω = (r 0 ) −1 is the angular velocity of r EH , and r * is the tortoise coordinate of the MRLDBH:
It is clear from the asymptotic solution (21) that unlike the Kerr BH [7] , there are no decaying (bounded) waves in MLRDBH geometry at spatial infinity. Instead of this, we have oscillatory but fading waves (because of the factor 1 r ) at the asymptotic region [see Fig. (1) ]. This result probably originates from the non-asymptotically flat structure of the MRLDBH geometry.
On the other hand, a very recent study [89] has shown that scalar clouds can have a semipermeable surface, and thus they might serve as a "partial confinement" in which only outgoing waves are allowed to survive at the spatial infinity. Considering this fact, we will impose a particular asymptotic boundary condition to those non-decaying (unbounded) scalar clouds: only pure outgoing waves propagate at spatial infinity.
III. STATIONARY RESONANCES AND EFFECTIVE HEIGHTS OF THE SCALAR CLOUDS
Stationary resonances or the so-called marginally stable modes are the stationary regular solutions of the KGF equation (14) around the horizon. They are characterized by Im (ω) = 0 [7] , which corresponds to ω = (m − qM ) Ω for the MRLDBH spacetime. In fact, such resonances saturate the superradiant condition [56] .
Introducing a new dimensionless variable
one can see that the radial equation (18) can be rewritten as 
in which the effective potential is given by
Letting Y = xR lm and z = −i qM x,
equation (24) transforms into the following differential equation
with
Without loss of generality, one can assume that β is a non-negative real number [7] . Therefore, Eq. (27) corresponds to a Whittaker equation [81] , whose solutions can be expressed in terms of the confluent hypergeometric functions M(a, b, z) [81, 90] . Thus, the solution of Eq. (24) can be given by
where C 1 and C 2 are the integration constants. In the vicinity of the horizon, solution (29) reduces to [91] R lm −→ C 1 z
Since the near horizon solution (z → 0) must admit the regularity, one can figure out that
By using the asymptotic behaviors of the confluent hypergeometric functions [81, 90] , for z → ∞, Eq. (29) can be approximated to
Recalling the complex structure of z [see Eq. (26)], we infer that the first term in the square bracket of Eq. (32) stands for the asymptotic ingoing waves, however the second one represents the asymptotic outgoing waves.
According to the physical boundary conditions aforementioned, the asymptotic ingoing wave ∼ e in Eq. (32) must be terminated. This is possible by employing the pole structure of the Gamma function Γ(τ ) has the poles at τ = −n for n = 0, 1, 2, ... [81] . Therefore, the resonance condition for the stationary unbound states of the field eventually becomes
It is convenient to express the radial solution of the unbound states in a more compact form by using the generalized Laguerre polynomials L (2β) n (z) [81] :
One can deduce from the resonance condition (33) that σ should be a real number. However, taking cognizance of Eq. (28), which indicates that σ is a pure imaginary parameter, we conclude that the resonances correspond to σ = 0. Thus, we have two cases:
and Case-II
It is worth noting that both cases exclude the existence of regular static ( ω = 0) solutions since ω = (m − qM ) Ω. The latter remark is in accordance with the famous no-hair theorems [6, [17] [18] [19] [20] [46] [47] [48] [49] [50] since they exempt the static hairy configurations [10] .
For solving the resonance condition (33), it is practical to introduce another dimensionless variable:
so that Eq. (28) can be rewritten as [7, 81] 
After substituting Eqs. (38) and (39) into Eq. (33), we express the resonance condition as a polynomial equation for :
Discrete and infinite group of stationary resonances for both cases are presented in Tables I and II . The results are shown for different values of n (resonance parameter). Unlike the Kerr BH [7] , our numerical calculations about Eq. (40) showed that in the case of n = 0 the obtained resonance values (M q resonance ) are complex, which do not admit physically acceptable results. For this reason, we consider the resonance parameters of having n ≥ 1. We now consider the effective heights of the stationary charged massive scalar field configurations surrounding the MRLDBH. These configurations correspond to the group of wave-functions (34) that fulfill the resonance condition (33) . According to the 'no short hair theorem' proposed for the spherically symmetric and static hairy BH configurations [48] , the hairosphere [92] must extend beyond 3 2 r EH . Taking cognizance of Eq. (23), we conclude that the minimum radius of the hairosphere corresponds to |x| hair = 1 2 , where |x| is the dimensionless height (absolute altitude). Furthermore, we can compute the size of the stationary scalar clouds by defining their effective radii. The effective heights of the scalar clouds can be approximated to a radial position at which the quantity 4π |x| 2 |Ψ| 2 reaches its global maximum value [7, 93] . By using Eq. (34), one finds the dimensionless heights of the clouds, as follows:
The effective heights of the principal clouds above the central BH for both Case I and Case II are displayed in Table  I and Table II , respectively. It can be easily seen that {|x|
cloud } are always larger than the lower bound (|x| hair ≥ 1 2 ) of the hairosphere [7] .
IV. CONCLUSION
In this study, we have explored the dynamics of a charged massive scalar field in the background of MRLDBH. It has been shown that there exists a quantized and infinite set of resonances that describes non-decaying charged massive scalar configurations (clouds) enclosing the MRLDBH. We have analytically computed the effective heights of the hairosphere and shown that |x| hair ≥ 1 2 . At this juncture, one can interrogate our findings about whether they are compatible with no-short hair theorem [92] or not. Because, in the seminal works of Hod [94, 95] , it was discussed that charged rotating black holes can have short bristles, and thus they provide evidence for the failure of no-short hair theorem. However, his another and most recent work [96] has supported the no-short hair theorem: external matter fields of a static spherically symmetric rotating hairy black hole (Kerr BH case) configuration must extend beyond the null circular geodesic which characterizes the corresponding BH spacetime. In fact, rotating linear dilaton BHs show remarkable similarities to the Kerr BH, instead of its charged version: Kerr-Newman BH. This is because of their fixed background charge Q = r0 √ 2
, which is not existed in the horizons [see Eqs. (5) and (6)]. Furthermore, it tunes the radius of the spherical part of the metric (2). Namely, unlike the Kerr-Newman BH ( Q → 0 reduces it to the Kerr BH), a rotating linear dilaton BH has no zero-charge limit [see Eqs. (2-4) ]. This point was highlighted in the original paper of the rotating linear dilaton BHs [56] . So, similar to [7, 96] , our results give also support to the no-short hair theorem.
In conclusion, our analytical findings for MRLDBHs support the existence of non-decaying scalar field dark matter halo around the rotating BHs. In particular, we have shown that the unbound-state resonances are distinctively possible with two cases: Case-I (35) and Case-II (36). In both cases, M q resonance spectrum of the MRLDBH does not hold for the ground state resonances with n = 0. Therefore, we have considered the resonances for n ≥ 1. The analytically derived values of M q resonance are numerically illustrated in Tables I and II for the fundamental resonances l = m = 0 and l = m = 1, respectively. It is worth noting that the other combinations of {l, m} values give almost the same results.
It would be interesting to extend this study for the dynamics of a charged massive field having spins other than zero. We will focus on this in our next research in the near future.
